We examine giant graviton with magnetic flux q in type IIA pp-wave background and find that it can move away from the origin along x 4 direction in target space satisfying a nontrivial relation Rx 4 = −q. This constraint is also investigated in a system of N D0-branes and it is observed that x 4 enters into fuzzy algebra as a fuzzy parameter. The nontrivial relation can be regarded as a complementary relation of the giant graviton in the space-time geometry. We also find a giant graviton with electric flux in this background
Introduction
Giant graviton has attracted much attention since the pioneering paper [1] of McGreevy, Susskind and Toumbas. They found that particle in AdS × S background can blow up into spherical brane with increasing momentum, and the stringy exclusion principle can be naturally understood as the fact that no particle is bigger than the sphere that contains it. The blown-up particle in S n is named as the giant graviton. It was also found in [2, 3] that there is 'dual' giant graviton in AdS component of the spacetime circling along the equator of S n . The giant graviton in AdS 5 × S 5 is of particular interest since it can be examined in field theory using AdS/CFT correspondence [4, 5, 6] . Giant graviton in M-theory also admit a microscopic description by non-abelian action [7, 8] .
Due to recent interest in pp-wave background first initiated by [9] as a background to utilize the AdS/CFT correspondance, string theory and nonperturbative objects in ppwave background has been explored extensively [10] - [28] . The advantage is that pp-wave as the Penrose limit [29] of AdS ×S provides a nontrivial and calculable background. M-theory in infinite momentum frame on pp-wave can be studied in BMN matrix model proposed by Berenstein, Maldacena and Nastase. It was found that D0-branes can be blown-up into concentric fuzzy spheres with radius proportional to the lightcone momentum. These fuzzy spheres are zero energy and regarded as the vacuum of the theory. Moreover one can consider these fuzzy spheres to be the giant graviton in pp-wave limit of AdS type background in M-theory.
Generally giant graviton in pp-wave have two different guises. If the giant graviton wraps the boosted circle of AdS background, the Penrose limit gives a rotating lightcone brane. In string theory it can be analyzed using lightcone worldsheet theory. In the lightcone gauge it was found that some of the D-brane can move away from the origin without breaking supersymmetry if we turn on proper gauge flux or boosting [27, 28] . The other type is the static spherical brane if the giant graviton not wrapping the boosted circle before we take the limit. In [30] these two kinds of giant graviton in type IIB pp-wave has been investigated using Born-Infeld action and worldsheet theory. It was found that giant gravitons with magnetic flux can be expanded from multiple D-strings without losing any energy. There is also some argument that a system of multiple D-strings may be unstable and will decay into a giant graviton which has zero energy. However as we will explicitly show in this paper D0-branes in type IIA pp-wave background will completely decay into giant graviton.
Giant graviton in M-theory and type IIB pp-wave background has been investigated for a long time and naively one may think that the story is the same in type IIA pp-wave background, actually it is not the case. Quite recently fuzzy spheres were found [31] as the vacuum of the matrix string theory on type IIA pp-wave, which was first proposed in [25] , and it was pointed out that these vacua have a set of extra parameters corresponding to the displacement in one transverse direction. But interestingly, the spectrum on these vacua is independent of this coordinate and in perturbation theory the value is invisible. So a question can be raised that in what circumstance this displacement can be visible. Our analysis in this paper indicates that if D0-branes are attached to the giant graviton which appears as magnetic flux in the worldvolume, the transverse displacement can be entangled with the radius R by a constraint Rx 4 = −q. Thus we can observe the location of giant graviton in transverse coordinate. As will be elaborated later this relation is quite nontrivial that it can be understood as a complementary relation of giant graviton in space-time geometry.
Another line of motivation for our work is the interest in the D-brane configuration in nontrivial background. The type IIA pp-wave background we interested in this paper is the compactification of maximally supersymmetric pp-wave in M-theory. So the D2-brane in this background can be related to the membrane in M-theory pp-wave. However we can expect that some new feature can arise in this background since the compactification makes the things different. In [26] D-brane from open string on type IIA pp-wave were examined and compared with branes in matrix model. It was found that D0-brane and transverse D2-brane is absent in this formalism. So it is natural to investigate these two kinds of brane using Born-Infeld action on brane worldvolume. On the other hand as found in [32] that spikes can grow on dielectric brane when a electric flux on the worldvolume is turned on, we will consider such a brane embedding in type IIA pp-wave which is a real solution of type IIA supergravity. We will show that a 1/8 BPS state exists as a bound state of F-strings and giant graviton which generalize the BIon configuration in a toy model to a true background.
The organization of this paper is as follows. In Section 2 we examine a spherical D2-brane in type IIA pp-wave background using D-brane low energy effective action. These spherical branes is identified with the rotating giant graviton in M-theory pp-wave, Thus they can be seen as the Penrose limit of the 'dual' giant gravitons in the AdS 4 of AdS 4 × S 7 geometry. We find this giant graviton can move away from origin along one traverse direction while still preserving all the supersymmetry if we turn on the worldvolume magnet flux. In Section 3 we examine the giant graviton by considering multiple D0-branes blowing up in type IIA pp-wave background to give an microscopic description of giant graviton. It was found that x 4 appear in the fuzzy algebra as a deformation parameter. The last part is devoted to D2-brane with worldvolume electric flux. The BPS equation is written down for the configuration preserving supersymmetry. In the appendix, we summarize some useful facts and conventions about the type IIA pp-wave background considered in this paper.
Giant Graviton in type IIA pp-wave background
In this part we examine a spherical D2-brane in type IIA pp-wave background
More details about this background can be found in appendix. The low energy effective action of D2-brane in general type IIA backgrounds includes the Born-Infeld action and Chern-Simons terms, which reads as
where T 2 = 2π/(2πl s ) 3 g s is the D2-brane tension and λ = 2πl 2 s . As usual P [· · ·] is used to clarify the the pullbacks, and the potential C (n) of the R-R field is defined by F (n+1) = dC (n) . µ 2 is the RR charge of D2-brane and supersymmetry requires that µ 2 = ±T 2 corresponding to branes or antibranes. We should choose antibrane if we assume µ to be positive in the following. For the type IIA pp-wave background of our interest the action is reduced to
The spherical D2-brane we considered here has an embedding as
We also switch on a world volume flux
Quantization of the magnetic flux requires 6) where N is an integer and is just the number of D0-branes bound to the D2-brane as can be seen from the coupling of RR 1-form potential. In the following we will simply use q as D0-brane charges. We also have noticed that the transverse scaler x 4 should be nonzero to make the embedding consistent when we have a magnetic flux. Other scalers should be set to zero since the gravity of the background provides a confining potential. In these ansatz the RR potential can be chosen as
and one can easily obtain the explicit form of the Lagrangian
Varying x 4 and R gives the equations of motion
It can be easily checked that these equations are the same with those derived from the full field equations of motion [27] in our ansatz. So our embedding is consistent. (2.9) can be solved to give
As we will argue later this spherical D2-brane is just the giant graviton in type IIA pp-wave. Though the relation (2.10) seems strange for the first look, it can be understood in two way. First if x 4 is fixed, then R is proportional to q. In the other words we can increase the radius of the giant graviton by adding magnetic flux to it. This is equivalent to adding D0-branes. Since D0-branes repel each other, the increase of the radius is natural. Second if q is fixed, then R is inverse proportional to x 4 . From the metric of pp-wave we can see that the gravity of the background tends to make a sphere collapse. When x 4 increases, this effect also increases which in turn decreases the radius of the giant graviton. We also notice that giant graviton with the same sign of q only appear on one side of origin along x 4 . This asymmetry is due to the presence of KK gauge field of the background. We will also show the M-theory counterpart of this giant graviton and see similar relation appear. Substituting (2.10) back into the Hamiltonian H = −L, we find that the energy of the configuration exactly equals to zero. So we expect it to be a BPS state. Below we show explicitly that the solution we obtained above is actually a BPS object using kappa symmetry projection. For our brane embeding the kappa symmetry projection [34, 33] is
(2.11)
A is gamma matrix pulled back on the world volume and Γ A is the gamma matrix in tangent space of the background. We have minus sign for anti-D2-brane. ∆ is defined as
(2.12)
For the case at hand, we haveγ
Using above relations the kappa projection can be written as
A brane embedding preserves some fraction of supersymmetry of the background if the killing spinors η of the background consistent with
when η is restricted on the worldvolume of the brane. The killing spinors of the background and the definition of the gamma matrix are given in the appendix. First we act the kappa symmetry projection Γ on kinematical spinors η 1 , we have
Since it has different chirality from η 1 , the 16 kinematical supersymmetry are completely broken. Now we consider the dynamical killing spinors, the projection gives 18) which in turn imply the constraint 19) where Ω = (R 2 + (x 4 ) 2 )(R 4 + q 2 ). These constraints are consistent with (γ 5678 + 1)ǫ = 0 when evaluated on the brane worldvolume. So our spherical configuration preserves all 8 dynamical supersymmetry of the background, and thus a 1/4 BPS state. The moving of giant graviton with flux in one direction and still preserving supersymmetry is quite similar to the phenomenon that flat brane can locate along one direction by boosting or adding flux on the worldvolume [27, 28] . But the mechanism seems different. First we notice that the RR 1-form potential can couple to D0-branes in the form qx 4 which is quite like the potential of charges in electric field. So D0-branes in this background can feel a force along x 4 and thus move away from origin until the effects of the gravity increase and balance it. The addition of magnetic flux here is equivalent to the attachment of D0-branes to giant graviton. In order to compare with the results of matrix model, we add a momentum to the giant graviton along lightcone direction x − . If we take x − to be compact with radius R − , the momentum P − should be quantized as P − = M R − . In this case, the lagrangian can be written as
where we set x − = −u and T 2 = 1 for convenience. Transfer to Hamiltonian formalism
We can see that the energy of giant graviton is minimized only when
This is well known relation for fuzzy spheres in matrix theory. However again we find Rx 4 + q = 0 which is not observed in matrix theory. As usual we expect these giant gravitons to be the vacua of matrix theory in type IIA background with x 4 as the moduli. Since q and P − are quantized, the vacuum must localize in x 4 . The supersymmetry for this case is the same with no lightcone momentum. Actually the spherical D2-brane can be seen as the giant graviton in type IIA string theory which can be lifted to giant graviton in M-theory. The metric before compactification is (A.3) in the appendix. As usual the D0-brane charge is identified with the momentum along compact direction x 9 . In this setting the Hamiltonian of a giant graviton in M-theory is exactly the same with that of a spherical D2-brane in type IIA pp-wave. Now the relation (2.10) changes to Rx 4 = N/R 9 , where R 9 is the compactification radius of x 9 .
Furthermore if we change to the coordinates in the background (A.1), the static giant graviton becomes rotating in the plane X 4 − X 9 with radius x 4
From the action of such a rotating giant graviton, we can easily get the relation
where L is the angular momentum of the rotation. We can see that the radius of the giant graviton is proportional to the angular momentum which characterizes the giant graviton.
Since the momentum p of the giant graviton is L/x 4 , we have Rx 4 = 2p which can be seen as the M-theory correspondence of the similar relation (2.10) in type IIA theory. Since the M-theory pp-wave is the Penrose limit of AdS 4 × S 7 , these rotating giant gravitons correspond to the "dual" giant gravitons in AdS part of the geometry.
Microscopic description of giant graviton in type IIA pp-wave
Since the spherical D2-brane in the previous section has worldvolume magnetic flux which induces a D0-brane coupling and the background has a 4-form RR field strength, we can consider this D2-brane to be blown-up from N D0-branes as can be seen from the Myers effect [35] . So we investigate a system of N D0-branes in type IIA pp-wave background which we expect to give a microscopic description of giant graviton. As usual the transverse scaler φ i ≡ (2πα ′ ) −1 X i , where X i represents a matrix valued coordinate, and we only consider i = 1, ..., 4 in the following since other scalars will not appear in the Wess-Zumino terms. The non-abelian action of N D0-branes for static configuration in type IIA pp-wave is written as
The symbol ST r as usual means the trace is averaged over all possible orderings of the terms [φ i , φ j ] and φ k appearing inside the trace. In the following we should consider anti-D0-brane by choosing RR charge µ 0 = −T 0 to adapt to the anti-D2-brane we have considered in previous section. The action is reduced to
Since we are interested in the profile of giant graviton blown-up into the transverse space spanned by φ a , the scaler φ 4 should commute with φ a . For φ a being irreducible representation of some algebra, we can choose φ 4 = x 4 1 1. Moreover we assume |x 4 | large enough compared to the size of giant graviton, i.e., (φ a ) 2 ≪ (x 4 ) 2 . The validity of the action requires that the commutators λ[φ a , φ b ] ≪ 1. Expand the square root out in the action and drop out higher order terms of λ, the action can be written as
Here we have assumed x 4 to be negative. So we can see the energy equal to zero only if
This shows that D0-branes expand into a fuzzy sphere. But interestingly transverse coordinate x 4 enters into the commutator as a noncommutative parameter. If we define
λy , then we can see J a is the generator of SU (2) algebra [J a , J b ] = iǫ abc J c . The matrix φ a satisfy
where C 2 (N ) = (N 2 − 1)/4 is the quadratic Casimir of SU (2) in N-dimensional representation. This shows that the radius of the fuzzy sphere should satisfy
Turning to original coordinates X i = λφ i gives Rx 4 = −λN/2. Then if we remember that quantization condition of the magnetic flux requires N = 2λ −1 q, we again arrive at the result Rx 4 = −q first exhibited in the abelian action of D2-brane. To fully investigate the nonlinear action of D0-branes we substitute the fuzzy relation
into (3.2) and perform the trace. The reduced action is
(3.8) In the large N limit, this action is just the same with (2.8) for spherical D2-brane in type IIA pp-wave background. And the energy of N D0-branes is exactly zero if the fuzzy sphere satisfying (3.6). The fact that the energy corresponding to N D0-branes is cancelled precisely by background field indicates that all D0-branes turn into the giant graviton in type IIA pp-wave background. So we can consider these fuzzy sphere as the vacuum of matrix theory on type IIA pp-wave. This is different from fuzzy spheres in BMN model since we have one transverse scaler to constrain the radius of the fuzzy sphere. Moveover different equivalent classes of the vacua is characterized by the integer N . Vacua with different N can not be continuously deformed into each other.
For φ a belong to a reducible representation of SU (2)
we could choose
where x 4 i is the location of the ith fuzzy sphere in φ 4 direction and N i is the corresponding dimension of each irreducible representation. Thus we can find each fuzzy sphere should satisfy
which in turn imply Rx 4 i = −λ −1 N i /2. This configuration can be seen as multiple fuzzy spheres distributed in coordinate φ 4 with radius and location constrained by dimension of each irreducible representation. It is not hard to find the energy of this configuration in large N i limit is still zero which says that these fuzzy spheres should also be the vacuum of Matrix theory on type IIA pp-wave.
To sumarize, we begin with the nonoabelian action (3.2) of N D0-branes to find a stable configuration of the fuzzy spherical brane. This brane configuration describes the giant graviton in type IIA pp-wave background. In views of M theory, we have found the giant graviton solution where a membrane has expanded to a sphere while it orbits in the plane X 4 − X 9 of transverse space. In the geometrical picture, for the fixed N , the fuzzy radius R of giant graviton decreases with the increase of the coordinate x 4 . This picture is from the essential relation Rx 4 = −λN/2 and from the fact that in our giant graviton solution the coordinate x 4 is a deformation parameter appearing naturally in the relation (3.4) of fuzzy sphere.
D2-brane with electric flux in type IIA pp-wave background
In [32] , it was found that there can be classical stable BIon configuration with S 2 structure as the F-strings bound to dielectric brane. But the background considered in that paper is not real supergravity solution and it is worthy to examine such a profile in a consistent background. In this section we consider D2-brane bound with F-string in pp-wave background. This can be analyzed by turning on electric flux on the worldvolume. The embedding can be chosen as
The Lagrangian (2.2) for this embedding can be written as
where R ′ ≡ ∂R ∂z . We can calculate the Hamiltonian by performing a Legendre transformation
where D = ∂L ∂E is the conjugate momentum of electric field. The above equation can be derived from M2-brane in eleven dimensional pp-wave background with winding number n along the compact direction. It can be seen from this way that D = ng s with g s being the string coupling. We should notice the situation we have considered includes the effects of curved background which has not be concerned before. Since the equation of motion is quite complicated, we will look for BPS solution with the aid of BPS equation.
The kappa symmetry projection for this embedding can be written as
which can be rewritten using gamma matrices in the background as
First the above kappa projection implies that the embedding breaks the 16 kinematical supersymmetry of the background. The projection on the dynamical killing spinors gives two constraints
Hereγ ≡ γ z + R ′ γ R and γ ′ ≡ zγ z + Rγ R . These two equations can be simplified to give the constraint γ 4 ǫ = ±ǫ, (4.8) if the following BPS equation are satisfied
So we can see this solution preserve 4 dynamical supercharges of the background. When E = 0 we have RR ′ + z = 0, which is just the spherical D2-brane we previously discussed. If we employ D instead of E we have
where we can absorb the sign into D for convenience. If D is sufficiently small, the D2-brane solution still preserves the spherical structure with deformation only in the region of small R. When we concentrate on the region R 2 ≪ Dz, the BPS equation can be approximate to
We can easily integrate it to give 12) where R 0 is the integration constant. We can see that this solution represents a spike along z direction, which can be identified with the BI-string carrying string charge
This result indicates that BPS BIon configuration with sphere structure still exists in nontrivial background as first investigated in [32] where there is no supersymmetry.
Conclusions and discussions
The giant graviton we found in this paper is quite nontrivial, since giant graviton sitting at different place in transverse coordinate x 4 has different size. To be precisely this constraint can be written as Rx 4 = −λN/2. We can see that the product of two transverse coordinates subjects to a quantization condition. If x 4 is small, then the giant graviton is very large and it can only feel the large scale structure of the background geometry. Reversely the giant graviton becomes very small. So it can probe the fine structure of the geometry. In other words the large(small) scale in x 4 corresponds to a small(large) scale in x i , i = 1, ..., 3. So we can regard it as a complementary relation of the giant graviton on the two subspace of the background. We also investigate non-abelian action of D0-branes to give a microscopic description of giant graviton. The fuzzy sphere found in a N D0-branes system confirms this complementary relation. The constraint in this situation appears more subtle and quite unusual when we found the coordinate x 4 appear as the fuzzy parameter. This kind of fuzzy relation has not been found before. Another point we want to clarify is why our result is not observed in matrix string theory on pp-wave [31] . In fact the two situation is quite different since the giant graviton we have considered has momentum in the compactified direction x 9 . The set of degrees of freedom in our formalism is the D0-branes with definite momentum in the sense of x 9 compactification. However the matrix string has nonzero lightcone momentum but no zerobrane charge. The set of degrees of freedom is the D0-brane in the sense of compactification of lightcone direction, which is inherited from BMN model. So we conjecture that Matrix theory with zerobrane charge on type IIA pp-wave with x 9 compactification should also have the fuzzy sphere satisfying the same constraint on the radius and x 4 as obtained in this paper. Since the energy of this fuzzy sphere is zero, we expect it to be the vacuum of the theory. It remains a further work to investigate the physics on this nontrivial vacuum.
At the end we must point out that all we have discussed in this paper is in the background with positive µ and the giant graviton in it is make up of antibrane. But the case with negative µ is also possible. The discussion is parallel if we consider spherical brane with positive RR charge as the giant graviton.
IIA background. To make the isometry manifest we perform a coordinate redefinition The dynamical killing spinors are
